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Seed set expansion
• Given a graph G=(V, E), goal is to accurately identify  

a target set T ⊂ V from a smaller seed set S ⊂ T.
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Seed set expansion
• Given a graph G=(V, E), goal is to accurately identify  

a target set T ⊂ V from a smaller seed set S ⊂ T.
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Seed set expansion
• Given a graph G=(V, E), goal is to accurately identify  

a target set T ⊂ V from a smaller seed set S ⊂ T.
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Seed set expansion
• Given a graph G=(V, E), goal is to accurately identify  

a target set T ⊂ V from a smaller seed set S ⊂ T.
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Seed set expansion
• Given a graph G=(V, E), goal is to accurately identify  

a target set T ⊂ V from a smaller seed set S ⊂ T. 
• Applications: 

• Broadly: ranking on graphs, recommendation systems 
• Spam filtering (Wu & Chellapilla ’07) 
• Community detection (Weber et al. ’13) 
• Missing data inference (Mislove et al. ’14) 

• Common methods: 
• Semi-supervised learning (Zhu et al. ’03) 
• Diffusion-based classification  

(Jeh & Widom ’03, Kloster & Gleich ’14) 
• Outwardness, modularity and more  

(Bagrow ’08, Kloumann & Kleinberg ’14) ●
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• Given a graph G=(V, E), goal is to accurately identify  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Recall curves for seed set expansion

Figure 1: Recall averaged over C600
3/4 . Rankings for YouTube are the same as for DBLP. The envelopes represent two standard errors

centered about the mean.

stopping criterion of a fixed number of guesses equal to the size of
the central value; for example on C600

3/4 we fix k = m3/4 and set
our prediction P to be the k top nodes according to A’s ranking. As
we will see in Figures 1, 3, and 5, the relative performance rankings
are not very sensitive to the choice of k.

This stopping rule has the advantage that it is not sensitive to the
topology of the prediction P , which would be undesirable given
that the algorithms we compare produce communities with a va-
riety of typical topologies (this is discussed in detail in [1]). We
discuss alternate stopping criteria in §7.

3. RESULTS: PREDICTION ALGORITHMS

3.1 PageRank’s success
Figure 1 shows the recall values for a wide range of algorithms

detailed in §7 and the appendix. Variants of PageRank — in which
we rank by the stationary probability of a random walk with restarts
originating at the seed set — are the clear winners. This is consis-
tent with PageRank’s success in other applications, but it is nonethe-
less perhaps surprising that it is so much more powerful than other
methods that have been used for this problem. We also note that
in two of our three domains, pure unnormalized PageRank signif-
icantly outperforms variants such as degree-normalized PageRank
(DN-PageRank); this poses an interesting contrast to the fact that
DN-PageRank rather than pure PageRank has typically been the
preferred method for seed set expansion.

We now consider three questions that suggest insights into the
structure of the problem and how to the use these approaches in
practice.

1. Why does PageRank outperform other methods such as neigh-
bor counting?

2. In computing PageRank with the power method, how many
iterations (random walk steps) does it need to take to achieve
this high performance?

3. Could variations beyond DN-PageRank and PageRank achieve
even better performance?

3.2 Whom does PageRank find?
In addition to the success of PageRank and its variants in Figure

1, it is also striking to see how PageRank climbs smoothly with k
in contrast with neighbor-counting methods that flatten abruptly as
we increase.

Looking into this behavior helps us understand where PageRank
gets some of its power. In particular, we ask which true positives

Figure 2: Number of community members found within
ego(S), the seed set’s ego network, and outside of it for pos-
itive PageRank and positive neighbor counting. Results are
averaged over C600

3/4 . Envelopes represent two standard errors
centered about the mean.

are found by PageRank compared to Neighbors, categorizing based
on whether they belong to ego(S), the set of nodes directly adjacent
to the seed set S. Neighbor-counting methods cannot effectively
use information about nodes outside ego(S). Is this hindrance the
sole factor underlying PageRank’s advantage over Neighbors?

Figure 2 untangles this issue: first, we see that PageRank’s rate
of discovery of members within ego(S) is significantly higher than
that of Neighbors; second, we see that it finds true positives outside
the ego at a constant linear rate. So in addition to having this broad
reach beyond the ego, which we expected, PageRank is even better
at identifying which members of the seed set’s immediate neigh-
bors are true positives. PageRank’s success over neighbor-counting
is thus both inside and outside ego(S).

3.3 How many steps does it take to get to the
community?

Next we consider a question regarding PageRank itself: in com-
puting PageRank with the power method, how many random walk
steps are needed for PageRank to realize its maximum performance?
This is a basic question about PageRank’s iterative nature, and the
concrete performance measures underlying our problem formula-
tion make it natural to evaluate the question in this context.

The results in Figure 3 indicate that after only three random walk
steps PageRank’s performance has converged to its upper limit, and
it is already close to this limit after two steps. It is striking that

• Recall curve: true positive rate, as a function of the number  
of items returned based on small uniformly random seed set. 

• Kloumann & Kleinberg ’14 tested many different methods  
on data, broadly found Personalized PageRank to be best.  

Kloumann & Kleinberg ‘14



Recall curves for seed set expansion

Figure 1: Recall averaged over C600
3/4 . Rankings for YouTube are the same as for DBLP. The envelopes represent two standard errors

centered about the mean.

stopping criterion of a fixed number of guesses equal to the size of
the central value; for example on C600

3/4 we fix k = m3/4 and set
our prediction P to be the k top nodes according to A’s ranking. As
we will see in Figures 1, 3, and 5, the relative performance rankings
are not very sensitive to the choice of k.

This stopping rule has the advantage that it is not sensitive to the
topology of the prediction P , which would be undesirable given
that the algorithms we compare produce communities with a va-
riety of typical topologies (this is discussed in detail in [1]). We
discuss alternate stopping criteria in §7.

3. RESULTS: PREDICTION ALGORITHMS

3.1 PageRank’s success
Figure 1 shows the recall values for a wide range of algorithms

detailed in §7 and the appendix. Variants of PageRank — in which
we rank by the stationary probability of a random walk with restarts
originating at the seed set — are the clear winners. This is consis-
tent with PageRank’s success in other applications, but it is nonethe-
less perhaps surprising that it is so much more powerful than other
methods that have been used for this problem. We also note that
in two of our three domains, pure unnormalized PageRank signif-
icantly outperforms variants such as degree-normalized PageRank
(DN-PageRank); this poses an interesting contrast to the fact that
DN-PageRank rather than pure PageRank has typically been the
preferred method for seed set expansion.

We now consider three questions that suggest insights into the
structure of the problem and how to the use these approaches in
practice.

1. Why does PageRank outperform other methods such as neigh-
bor counting?

2. In computing PageRank with the power method, how many
iterations (random walk steps) does it need to take to achieve
this high performance?

3. Could variations beyond DN-PageRank and PageRank achieve
even better performance?

3.2 Whom does PageRank find?
In addition to the success of PageRank and its variants in Figure

1, it is also striking to see how PageRank climbs smoothly with k
in contrast with neighbor-counting methods that flatten abruptly as
we increase.

Looking into this behavior helps us understand where PageRank
gets some of its power. In particular, we ask which true positives

Figure 2: Number of community members found within
ego(S), the seed set’s ego network, and outside of it for pos-
itive PageRank and positive neighbor counting. Results are
averaged over C600

3/4 . Envelopes represent two standard errors
centered about the mean.

are found by PageRank compared to Neighbors, categorizing based
on whether they belong to ego(S), the set of nodes directly adjacent
to the seed set S. Neighbor-counting methods cannot effectively
use information about nodes outside ego(S). Is this hindrance the
sole factor underlying PageRank’s advantage over Neighbors?

Figure 2 untangles this issue: first, we see that PageRank’s rate
of discovery of members within ego(S) is significantly higher than
that of Neighbors; second, we see that it finds true positives outside
the ego at a constant linear rate. So in addition to having this broad
reach beyond the ego, which we expected, PageRank is even better
at identifying which members of the seed set’s immediate neigh-
bors are true positives. PageRank’s success over neighbor-counting
is thus both inside and outside ego(S).

3.3 How many steps does it take to get to the
community?

Next we consider a question regarding PageRank itself: in com-
puting PageRank with the power method, how many random walk
steps are needed for PageRank to realize its maximum performance?
This is a basic question about PageRank’s iterative nature, and the
concrete performance measures underlying our problem formula-
tion make it natural to evaluate the question in this context.

The results in Figure 3 indicate that after only three random walk
steps PageRank’s performance has converged to its upper limit, and
it is already close to this limit after two steps. It is striking that

• Recall curve: true positive rate, as a function of the number  
of items returned based on small uniformly random seed set. 

• Kloumann & Kleinberg ’14 tested many different methods  
on data, broadly found Personalized PageRank to be best.  

• Truncated PPR (first K steps) comparable to PPR from K=4.  
• Heat Kernel later found comparable to PPR.

Kloumann & Kleinberg ‘14



• Classification based on random walk landing probabilities 
•      , probability that a random walk starting in S is at v after k steps. 
•                          , truncated vector of landing probabilities. 

• Personalized PageRank and Heat Kernel ranking: 

• General diffusion score function:

Diffusion-based node classification

score(v) =
1X

k=1

wkr
v
k

rvk

PPR(v) /
1X

k=1

(↵k)rvk HK(v) /
1X

k=1

✓
tk

k!

◆
rvk

(rv1 , r
v
2 , ..., r

v
K)
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• Personalized PageRank and Heat Kernel 
= two parametric families of linear weights  

• Question in this work:  
     What weights are “optimal” for diffusion-based classification?

Diffusion-based node classification

ply replaces the weights αk with tk/k!:

h = e−t

(

∞
∑

k=0

tk

k!
(P)k

)

s = exp
{

−t(I−P−1)
}

s. (2)

While it was known that estimating h gave rise to a similar
type of local Cheeger inequality [15]; until Chung and Simp-
son’s Monte Carlo approach [16], no methods were known
to estimate this quantity efficiently. Our new algorithm is a
deterministic approach that is more suitable for comparing
the properties of the diffusions. It terminates after exploring
2Net

ε
edges (Theorem 1), where N is a parameter that grows

slowly with ε.
Heat kernels compared to PageRank. These differ-

ent sets of coefficients simply assign different levels of impor-
tance to walks of varying lengths: the heat kernel coefficients
tk

k! decay much more quickly than αk, and so the heat ker-
nel more heavily weights shorter walks in the overall sum
(depicted in Figure 1). This property, in turn, will have im-
portant consequences when we study these methods in large
graphs in Section 6.

0 20 40 60 80 100

10−5

100

t=1 t=5 t=15 α=0.85

α=0.99

W
ei
gh
t

Length

Figure 1: Each curve represents the coefficients of
(AD−1)k in a sum of walks. The dotted blue lines give
αk, and the red give tk/k!, for the indicated values of
α and t.

4. ALGORITHM
The overall idea of the local clustering algorithm is to

approximate a heat kernel vector of the form

h = exp {−t(I−P)} s

so that we can perform a sweep over h. Here we describe a
coordinate-relaxation method, which we call hk-relax, for
approximating h. This algorithm is rooted in our recent
work on computing an accurate column of exp {P} [27]; but
is heavily tuned to the objective below. Thus, while the over-
all strategy is classical – just as the PageRank push method
is a classic relaxation method – the simplifications and effi-
cient implementation are entirely novel. In particular, the
new objective in this paper enables us to get a constant run-
time bound independent of any property of the graph, which
differs markedly from both of our previous methods [27, 26].

Our objective. Recall that the final step of finding a
small conductance community involves dividing by the de-
gree of each node. Thus, our goal is to compute x ≈ h
satisfying the degree weighted bound:

∥D−1 exp {−t(I−P)} s−D−1x∥∞ < ε.

By using standard properties of the matrix exponential, we
can factor exp {−t(I−P)} = e−t exp {tP)} and scale by
et so that the above problem is equivalent to computing y
satisfying ∥D−1(exp {tP} s−y)∥∞ < etε. The element-wise
characterization is that y must satisfy:

|ethi − yi| < etεdi (3)

for all i. A similar weighted objective was used in the push
algorithm for PageRank [5].

Outline of algorithm. To accomplish this, we first ap-
proximate exp {tP} with its degree N Taylor polynomial,
TN (tP), and then we compute TN(tP)s. But we use a large,
implicitly formed linear system to avoid explicitly evaluat-
ing the Taylor polynomial. Once we have the linear system,
we state a relaxation method in the spirit of Gauss-Seidel
and the PageRank push algorithm in order to compute an
accurate approximation of h.

4.1 Taylor Polynomial for exp{X}
Determining the exponential of a matrix is a sensitive com-

putation with a rich history [39, 40]. For a general matrix
G, an approximation via the Taylor polynomial,

exp {G} =
∞
∑

k=0

1
k!G

k ≈
N
∑

k=0

1
k!G

k,

can be inaccurate when ∥G∥ is large and G has mixed signs,
as large powers Gk can contain large, oppositely signed num-
bers that cancel properly only in exact arithmetic. However,
we intend to compute exp {tP} s, where P, t, and s are
nonnegative, so the calculation does not rely on any deli-
cate cancellations. Furthermore, our approximation need
not be highly precise. We therefore use the polynomial

exp {tP} s ≈ TN (tP) =
∑N

k=0
tk

k!P
k for our approximation.

For details on choosing N , see Section 4.5. For now, assume
that we have chosen N such that

∥D−1 exp {tP} s−D−1TN (tP)s∥∞ < ε/2. (4)

This way, if we compute y ≈ TN (tP)s satisfying

∥D−1TN(tP)s−D−1y∥∞ < ε/2,

then by the triangle inequality we will have

∥D−1 exp {tP} s−D−1y∥∞ < ε, (5)

our objective.

4.2 Error weights
Using a degree N Taylor polynomial, hk-relax ultimately

approximates h by approximating each term in the sum of
the polynomial times the vector s:

s+ t
1Ps+ · · ·+ tN

N!P
Ns.

The total error of our computed solution is then a weighted

sum of the errors at each individual term, tk

k!P
ks. We show

in Lemma 1 that these weights are given by the polynomials
ψk(t), which we define now. For a fixed degree N Taylor

polynomial of the exponential, TN =
∑N

k=0
tk

k! , we define

ψk :=
N−k
∑

m=0

k!
(m+k)! t

m for k = 0, · · · , N. (6)

(Kloster & Gleich, ’14)

PPR 
HK

wk = ↵k

wk = tk/k!

score(v) =
KX

k=1

wkr
v
k



The stochastic block model
• C blocks 

• Focus on C=2 blocks: 1=“Target”, 2=“Other” 
• n1, n2 nodes in blocks 
• Independent edge probabilities: 

• Edge probability within a block = pin 
• Edge probability across blocks = pout

• (Results for C>2 as well, see paper) 

• Model with many names: 
• Stochastic Block Model (Holland et al. ’83)  
• Affiliation Model (Frank-Harary ’82) 
• Planted Partition Model (Dyer-Frieze ’89) 

pin

pinpout

pout
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The SBM resolution limit
• Find true partition in poly(n) time w.h.p. as n→∞ : 

• Dyer-Frieze ’89:  If pin - pout = O(1) 
• Condon-Karp ’01:  If pin - pout ≥ Ω(n-1/2)  

• McSherry ’01:    If pin - pout ≥ Ω((pout(log n)/n)-1/2)
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The SBM resolution limit
• Find true partition in poly(n) time w.h.p. as n→∞ : 

• Dyer-Frieze ’89:  If pin - pout = O(1) 
• Condon-Karp ’01:  If pin - pout ≥ Ω(n-1/2)  

• McSherry ’01:    If pin - pout ≥ Ω((pout(log n)/n)-1/2) 
• Find partition positively correlated with true partition:
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The SBM resolution limit
• Find true partition in poly(n) time w.h.p. as n→∞ : 

• Dyer-Frieze ’89:  If pin - pout = O(1) 
• Condon-Karp ’01:  If pin - pout ≥ Ω(n-1/2)  

• McSherry ’01:    If pin - pout ≥ Ω((pout(log n)/n)-1/2) 
• Find partition positively correlated with true partition:

• Coja-Oghlan ’06:  If pin - pout ≥ Ω((pout/n)-1/2), 
• If and only if (a-b)2 > 2(a+b) (pin = a/n, pout = b/n): 

• Decelle et al ’11: Conjecture and belief propagation numerics 
• Mossel et al ’12,’13, Massoulié ’13, Abbe et al. ’14: Proven 

• Recent extensions:  
• More than two blocks (e.g. Neeman-Netrapalli ’14) 
• Unequal block sizes (e.g. Zhang et al. ’16) 
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The SBM resolution limit
• Is block recovery/classification over? No! 

• Unsupervised vs. semi-supervised 
• Empirical graphs != SBMs 
• Optimal algorithms not practical 
• Beyond asymptotic limits, what are decay rates? 

• Rather than being “problem down” (SBM classification), this talk will 
be “method up”: how to tune diffusion weights to find seed sets? 

• Possible variations: Diffusion weights for seed set expansion in  
core-periphery models? Latent space models (Hoff et al. 2002)? Etc.

score(v) =
KX

k=1

wkr
v
k

pin

pinpout

pout



Diffusion-based classification in SBMs
• SBMs present a natural binary classification problem. 
• Recall notation: 

•      , probability that a random walk starting in S is at v after k steps. 
•                          , truncated vector of landing probabilities. 

• Choices of                    define sweep directions through space. 
• Optimistically:

rvk
(rv1 , r

v
2 , ..., r

v
K)

ri

rj
Target block nodes

Other block nodes

(w1, ..., wK)



The space of landing probabilities
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• SBM: 2000 nodes, Target & Other blocks, pin = 0.2, pout = 0.05 
• One seed node (uniformly at random from Target set)



The space of landing probabilities
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• SBM: 2000 nodes, Target & Other blocks, pin = 0.2, pout = 0.05 
• One seed node (uniformly at random from Target set)
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• Geometric discriminant function: sweeps through the space 
of landing probabilities following vector from b to a.
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The space of landing probabilities

• Fisher discriminant functions: Clearly exist better linear  
and quadratic functions. Forward pointer, will return.



The space of landing probabilities
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• Focus on deriving optimal Geometric discriminant function first. 



Geometric discriminant functions
• Let                            be the landing probabilities of a node 
• Let                            be the Target class centroid 
• Let                            be the Other class centroid 
• Then                             is the geometric discriminant function. 

• Notice:        increases when r moves in direction of a - b. 
• Can classify nodes based on thresholds of       .

r = (r1, . . . , rK)

a = (a1, . . . , aK)

b = (b1, . . . , bK)

f(r) = (a� b)T r

f(r)
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Personalized PageRank is “optimal”
• Main Theorem (informal version).  

For 2-block SBM with equal sized  blocks and edge densities     ,       :  
 
 
 
and the optimal geometric classifier is therefore:                   .  
 

which is PPR(!) with                               .  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Personalized PageRank is “optimal”
• Main Theorem (informal version).  

For 2-block SBM with equal sized  blocks and edge densities     ,       :  
 
 
 
and the optimal geometric classifier is therefore:                   .  
 

which is PPR(!) with                               .  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• Two main parts:
1. Centroids a, b concentrate on quantities  

determined by the solution to a linear  
recurrence relation. 

2. That linear recurrence relation can be  
solved and yields PPR.



PPR is “optimal”: Proof idea
• Part 1: Concentration of landing probabilities

Lemma 1. For any ✏, � > 0, there is an n su�ciently large such that the random

landing probabilities (â1, ...., âK) and (

ˆb1, ...,ˆbK) for a uniform random walk on
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n

starting in the seed block satisfy the following conditions with probability
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PPR is “optimal”: Proof idea
• Part 1: Concentration of landing probabilities

•            interpretable as length-k walk count to nodes in block 1 vs. 2.
• For large n, block walk counts increase by factors of ~E[degree].

Ak, Bk

Lemma 1. For any ✏, � > 0, there is an n su�ciently large such that the random

landing probabilities (â1, ...., âK) and (
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More general SBMs
• For SBMs with C>2 blocks and/or with arbitrary P:

• Seed set expansion asks: identify nodes in a target block set.
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necessary for the proof, and it is unclear if a similar result
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The simple expression –ú = (pin ≠ pout)/(pin + pout) for
the optimal – for geometric classification provides a useful
interpretation of the choice of – in personalized PageRank:
– close to 0 is best for identifying very strong planted parti-
tions, pin ∫ pout, while – close to 1 is best when the planted
partition is very weak and the di�erence pin ≠ pout is small.

PageRank and SBMs: C Blocks. We now state a second propo-
sition that o�ers a more general connection between the ge-
ometric discriminant weight vector for arbitrary SBMs with
C blocks, the solutions to a matrix recurrence, and person-
alized PageRank. A proof of this more involved proposition
is given in the Supporting Information. In the C-block case,
the problem is to distinguish between two classes of nodes:
an in-class that may by comprised of nodes in several blocks,
and an out-class comprised of the complement to the in-class.
We denote these in- and out-classes as S µ {1, . . . , C} and
T = {1, . . . , C} \ S, respectively, and the number of nodes in
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of the model are given in the SI and satisfy
Lemma 2 with the block partition S = {1, 2} and T = {3, 4}. Left: An exemplar
adjacency matrix for a single realization of an SBM. Upper right: theoretical and
empirical landing probability centroids for the in-class (a1, ..., a

K

) (blocks 1 and 2,
blue) and out-class (b1, ..., b
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) (blocks 3 and 4, red), shown with empirical [.15%,
99.85%] quantiles from 1000 SBM realizations. Lower right: difference between the
empirically optimal weights ŵ

k

, computed from the empirical centroids â and b̂ in the
upper panel, and our theoretical prediction �

k
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in which case the geometric discriminant weight vector is

asymptotically equivalent to personalized PageRank.

As with Proposition 1, this proposition makes heavy use
of a concentration lemma analogous to Lemma 1, stated and
proven as Lemma 2 in the Supporting Information. We also
employ an additional lemma, Lemma 3, also stated and proven
in the Supporting Information. The result establishes ways
in which the optimality of personalized PageRank holds even
when the two communities have non-trivial substructure.

A major consequence of Proposition 2 is that the asymptot-
ically optimal geometric discriminant function for an arbitrary
stochastic block model, without any specification of balanced
block sizes or expected degrees, can be derived from an uncom-
plicated C-dimensional matrix recurrence relation. Special
circumstances lead this recurrence to have a particularly con-
cise asymptotic form equivalent to personalized PageRank.
But the general solvability of the asymptotically optimal geo-
metric discriminant function holds for arbitrary block models.

In Figure 1 we see that the asymptotic centroids show near-
perfect agreement with the empirical centroids for an example
block model with C = 4 non-identical blocks on n = 2048
nodes (fi and P are given in the Supporting Information). We
also see that the empirical variance of the coe�cients can
be highly non-uniform, with the 1-step landing probabilities
exhibiting much greater variance than the landing probabil-
ities after subsequent steps. This observation motivates our
next approach, where we explicitly consider these heteroge-
neous variances, as well as covariances between the landing
probabilities of di�erent step lengths.

Fisherian discriminant functions. The above geometric ap-
proach is a special case of the more general probabilistic ap-
proach to deriving discriminant functions proposed by Fisher,
and we will now derive such functions that consider both the
centroids and covariances of the sets of landing probabilities.

A Fisherian discriminant function captures the first two
moments (mean and variance) of the landing probabilities
for each class (the in-class and out-class). The classes are
described by multivariate Gaussians N(a, �a) and N(b, �b)
for the in-class and out-class, respectively. Here a and b are
the same centroids as were derived earlier. Note that we
are not assuming these point sets obey multivariate Gaussian
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in which case the geometric discriminant weight vector is

asymptotically equivalent to personalized PageRank.

As with Proposition 1, this proposition makes heavy use
of a concentration lemma analogous to Lemma 1, stated and
proven as Lemma 2 in the Supporting Information. We also
employ an additional lemma, Lemma 3, also stated and proven
in the Supporting Information. The result establishes ways
in which the optimality of personalized PageRank holds even
when the two communities have non-trivial substructure.

A major consequence of Proposition 2 is that the asymptot-
ically optimal geometric discriminant function for an arbitrary
stochastic block model, without any specification of balanced
block sizes or expected degrees, can be derived from an uncom-
plicated C-dimensional matrix recurrence relation. Special
circumstances lead this recurrence to have a particularly con-
cise asymptotic form equivalent to personalized PageRank.
But the general solvability of the asymptotically optimal geo-
metric discriminant function holds for arbitrary block models.

In Figure 1 we see that the asymptotic centroids show near-
perfect agreement with the empirical centroids for an example
block model with C = 4 non-identical blocks on n = 2048
nodes (fi and P are given in the Supporting Information). We
also see that the empirical variance of the coe�cients can
be highly non-uniform, with the 1-step landing probabilities
exhibiting much greater variance than the landing probabil-
ities after subsequent steps. This observation motivates our
next approach, where we explicitly consider these heteroge-
neous variances, as well as covariances between the landing
probabilities of di�erent step lengths.

Fisherian discriminant functions. The above geometric ap-
proach is a special case of the more general probabilistic ap-
proach to deriving discriminant functions proposed by Fisher,
and we will now derive such functions that consider both the
centroids and covariances of the sets of landing probabilities.

A Fisherian discriminant function captures the first two
moments (mean and variance) of the landing probabilities
for each class (the in-class and out-class). The classes are
described by multivariate Gaussians N(a, �a) and N(b, �b)
for the in-class and out-class, respectively. Here a and b are
the same centroids as were derived earlier. Note that we
are not assuming these point sets obey multivariate Gaussian
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sition that o�ers a more general connection between the ge-
ometric discriminant weight vector for arbitrary SBMs with
C blocks, the solutions to a matrix recurrence, and person-
alized PageRank. A proof of this more involved proposition
is given in the Supporting Information. In the C-block case,
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an in-class that may by comprised of nodes in several blocks,
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of the model are given in the SI and satisfy
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adjacency matrix for a single realization of an SBM. Upper right: theoretical and
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in which case the geometric discriminant weight vector is

asymptotically equivalent to personalized PageRank.

As with Proposition 1, this proposition makes heavy use
of a concentration lemma analogous to Lemma 1, stated and
proven as Lemma 2 in the Supporting Information. We also
employ an additional lemma, Lemma 3, also stated and proven
in the Supporting Information. The result establishes ways
in which the optimality of personalized PageRank holds even
when the two communities have non-trivial substructure.

A major consequence of Proposition 2 is that the asymptot-
ically optimal geometric discriminant function for an arbitrary
stochastic block model, without any specification of balanced
block sizes or expected degrees, can be derived from an uncom-
plicated C-dimensional matrix recurrence relation. Special
circumstances lead this recurrence to have a particularly con-
cise asymptotic form equivalent to personalized PageRank.
But the general solvability of the asymptotically optimal geo-
metric discriminant function holds for arbitrary block models.

In Figure 1 we see that the asymptotic centroids show near-
perfect agreement with the empirical centroids for an example
block model with C = 4 non-identical blocks on n = 2048
nodes (fi and P are given in the Supporting Information). We
also see that the empirical variance of the coe�cients can
be highly non-uniform, with the 1-step landing probabilities
exhibiting much greater variance than the landing probabil-
ities after subsequent steps. This observation motivates our
next approach, where we explicitly consider these heteroge-
neous variances, as well as covariances between the landing
probabilities of di�erent step lengths.

Fisherian discriminant functions. The above geometric ap-
proach is a special case of the more general probabilistic ap-
proach to deriving discriminant functions proposed by Fisher,
and we will now derive such functions that consider both the
centroids and covariances of the sets of landing probabilities.

A Fisherian discriminant function captures the first two
moments (mean and variance) of the landing probabilities
for each class (the in-class and out-class). The classes are
described by multivariate Gaussians N(a, �a) and N(b, �b)
for the in-class and out-class, respectively. Here a and b are
the same centroids as were derived earlier. Note that we
are not assuming these point sets obey multivariate Gaussian
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|ŵ
k
�

�
k
|

Fig. 1. Theoretical predictions and empirical calculations for a 4-block SBM with
n = 2048. The parameters fi

i

and p
ij

of the model are given in the SI and satisfy
Lemma 2 with the block partition S = {1, 2} and T = {3, 4}. Left: An exemplar
adjacency matrix for a single realization of an SBM. Upper right: theoretical and
empirical landing probability centroids for the in-class (a1, ..., a

K

) (blocks 1 and 2,
blue) and out-class (b1, ..., b

K

) (blocks 3 and 4, red), shown with empirical [.15%,
99.85%] quantiles from 1000 SBM realizations. Lower right: difference between the
empirically optimal weights ŵ
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also see that the empirical variance of the coe�cients can
be highly non-uniform, with the 1-step landing probabilities
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ities after subsequent steps. This observation motivates our
next approach, where we explicitly consider these heteroge-
neous variances, as well as covariances between the landing
probabilities of di�erent step lengths.

Fisherian discriminant functions. The above geometric ap-
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and we will now derive such functions that consider both the
centroids and covariances of the sets of landing probabilities.
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moments (mean and variance) of the landing probabilities
for each class (the in-class and out-class). The classes are
described by multivariate Gaussians N(a, �a) and N(b, �b)
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not change the relative ranking of the nodes, since rank-
ing according to the discriminant function f1(rv) = w

T
r

v

or f2(rv) = Nw

T
r

v is equivalent. Second, the criteria that
the stochastic block model be dense (pij > 0 and fixed) is
necessary for the proof, and it is unclear if a similar result
holds for a sparse block model. Third, the centroid derivations
work even when the edge probability is higher between blocks
than within blocks — i.e. for disassortative block models as
well as assortative ones.

The simple expression –ú = (pin ≠ pout)/(pin + pout) for
the optimal – for geometric classification provides a useful
interpretation of the choice of – in personalized PageRank:
– close to 0 is best for identifying very strong planted parti-
tions, pin ∫ pout, while – close to 1 is best when the planted
partition is very weak and the di�erence pin ≠ pout is small.

PageRank and SBMs: C Blocks. We now state a second propo-
sition that o�ers a more general connection between the ge-
ometric discriminant weight vector for arbitrary SBMs with
C blocks, the solutions to a matrix recurrence, and person-
alized PageRank. A proof of this more involved proposition
is given in the Supporting Information. In the C-block case,
the problem is to distinguish between two classes of nodes:
an in-class that may by comprised of nodes in several blocks,
and an out-class comprised of the complement to the in-class.
We denote these in- and out-classes as S µ {1, . . . , C} and
T = {1, . . . , C} \ S, respectively, and the number of nodes in
each class as nS =

q
iœS

ni and nT =
q

iœT
ni = n ≠ nS .

Proposition 2. Let Gn be an n-node graph generated from

a stochastic block model G(n, fi, P ) with C communities and

fi fixed, where ni = fiin for i œ {1, . . . , C},

qC

i=1 fii = 1, and

pij > 0 fixed, ’i, j. Let ŵ be the geometric discriminant weight

vector in the space of landing probabilities (1-step through K-

step, K fixed) between two fixed sets of block classes S and T

of Gn of size nS =
q

iœS
ni and nT =

q
iœT

ni, where S and

T partition {1, . . . , C}.

For any ‘, ” > 0, there exists an n su�ciently large such

that ||nSŵ ≠ nS�||1 Æ ‘ with probability at least 1 ≠ ”, where:

(a) � = �({xi,k}C
i=1, n, fi) is a vector with coordinates

specified by the solution to a C-dimensional linear homogeneous

matrix recurrence relation xik =
qC

j=1 nipijxj,k≠1 for i œ
{1, . . . , C}.

(b) If

q
iœI

nipij =
q

iœI
nipik for each j, k œ J for each

I, J œ {S, T }, then � is the solution to a 2-dimensional linear

homogeneous matrix recurrence and the closed-form solution

for � follow from diagonalizing the corresponding 2◊2 matrix.

(c) Assuming that the blocks are identically distributed, then

nS�k =
3

(pin ≠ pout)
Cpout + (pin ≠ pout)

4k

,

block 1 block 2 block 3 block 4

block
1

block
2

block
3

block
4

Fig. 1. Theoretical predictions and empirical calculations for a 4-block SBM with
n = 2048. The parameters fi

i

and p
ij

of the model are given in the SI and satisfy
Lemma 2 with the block partition S = {1, 2} and T = {3, 4}. Left: An exemplar
adjacency matrix for a single realization of an SBM. Upper right: theoretical and
empirical landing probability centroids for the in-class (a1, ..., a

K

) (blocks 1 and 2,
blue) and out-class (b1, ..., b

K

) (blocks 3 and 4, red), shown with empirical [.15%,
99.85%] quantiles from 1000 SBM realizations. Lower right: difference between the
empirically optimal weights ŵ

k

, computed from the empirical centroids â and b̂ in the
upper panel, and our theoretical prediction �

k

.

in which case the geometric discriminant weight vector is

asymptotically equivalent to personalized PageRank.

As with Proposition 1, this proposition makes heavy use
of a concentration lemma analogous to Lemma 1, stated and
proven as Lemma 2 in the Supporting Information. We also
employ an additional lemma, Lemma 3, also stated and proven
in the Supporting Information. The result establishes ways
in which the optimality of personalized PageRank holds even
when the two communities have non-trivial substructure.

A major consequence of Proposition 2 is that the asymptot-
ically optimal geometric discriminant function for an arbitrary
stochastic block model, without any specification of balanced
block sizes or expected degrees, can be derived from an uncom-
plicated C-dimensional matrix recurrence relation. Special
circumstances lead this recurrence to have a particularly con-
cise asymptotic form equivalent to personalized PageRank.
But the general solvability of the asymptotically optimal geo-
metric discriminant function holds for arbitrary block models.

In Figure 1 we see that the asymptotic centroids show near-
perfect agreement with the empirical centroids for an example
block model with C = 4 non-identical blocks on n = 2048
nodes (fi and P are given in the Supporting Information). We
also see that the empirical variance of the coe�cients can
be highly non-uniform, with the 1-step landing probabilities
exhibiting much greater variance than the landing probabil-
ities after subsequent steps. This observation motivates our
next approach, where we explicitly consider these heteroge-
neous variances, as well as covariances between the landing
probabilities of di�erent step lengths.

Fisherian discriminant functions. The above geometric ap-
proach is a special case of the more general probabilistic ap-
proach to deriving discriminant functions proposed by Fisher,
and we will now derive such functions that consider both the
centroids and covariances of the sets of landing probabilities.

A Fisherian discriminant function captures the first two
moments (mean and variance) of the landing probabilities
for each class (the in-class and out-class). The classes are
described by multivariate Gaussians N(a, �a) and N(b, �b)
for the in-class and out-class, respectively. Here a and b are
the same centroids as were derived earlier. Note that we
are not assuming these point sets obey multivariate Gaussian

4 | www.pnas.org/cgi/doi/10.1073/pnas.XXXXXXXXXX Kloumann et al.

Empirical vs. theoretical centroids 
• 2048-node, 4-block SBM, empirical class centroids vs. theory:

From matrix  
recurrence relation



Theories of graph diffusion
• Other motivations for PPR: 

• Random Surfer Model (Brin-Page ’98) 
• Cheeger inequalities for PPR, HK (Andersen et al ’06, Chung ’09) 
• Local spectral algorithm with regularization (Mahoney et al. ’12)  

• Our work shows PPR can be derived as “optimal” geometric classifier. 
• Also motivates how to choose PPR   , as    =                 . ↵ ↵⇤ =
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Theories of graph diffusion
• Other motivations for PPR: 

• Random Surfer Model (Brin-Page ’98) 
• Cheeger inequalities for PPR, HK (Andersen et al ’06, Chung ’09) 
• Local spectral algorithm with regularization (Mahoney et al. ’12)  

• Our work shows PPR can be derived as “optimal” geometric classifier. 
• Also motivates how to choose PPR   , as    =                 . 

• Most importantly: also opens door to methods beyond PPR.
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PPR is “optimal” in a narrow sense
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• Let z be the latent class of each node.  
• Capture (mean, variance) of class point clouds: 

• Log-likelihood ratio as discriminant function:

Fisher discriminant functions
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• Three approaches:

• We call the first two methods  
QuadSBMRank, LinSBMRank.

• Perhaps reasonable to assume  
equal covariances; effective. 

• PPR follows from an assumption of  
uniform variance, no covariance.

Fisher discriminant functions

General : g2(r) /
�
⌃�1

a a� ⌃�1
b b

�T
r+ 1

2r
T
�
⌃�1

b � ⌃�1
a

�
r

Assume ⌃a = ⌃b = ⌃ : g1(r) / ⌃�1(a� b)T r

Assume ⌃a = ⌃b = I : g0(r) / (a� b)T r
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• Three approaches:

• We call the first two methods  
QuadSBMRank, LinSBMRank.

• Perhaps reasonable to assume  
equal covariances; effective.  

• PPR follows from an assumption of  
uniform variance, no covariance. 

• Open challenge: Possible to  
show asymptotic normality and  
characterize covariance matrices?

Fisher discriminant functions

General : g2(r) /
�
⌃�1

a a� ⌃�1
b b

�T
r+ 1

2r
T
�
⌃�1

b � ⌃�1
a

�
r

Assume ⌃a = ⌃b = ⌃ : g1(r) / ⌃�1(a� b)T r

Assume ⌃a = ⌃b = I : g0(r) / (a� b)T r
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Evaluation: recall curves
• SBM with 2 blocks, 64 nodes/block, 1 seed node. 
• Recall that Belief Propagation reaches resolution limit. 

• Easy instance (pin >> pout): 
• Everything does well.



Evaluation: recall curves
• SBM with 2 blocks, 64 nodes/block, 1 seed node. 
• Recall that Belief Propagation reaches resolution limit. 

• Hard instance… 
• PPR/HK lost all recall, LinSBMRank and QuadSBMRank near BP.



Evaluation: recall curves
• SBM with 2 blocks, 64 nodes/block, 1 seed node. 
• Recall that Belief Propagation reaches resolution limit. 

• Even harder instance… 
• LinSBMRank and QuadSBMRank outperforming BP by a hair…?



Evaluation: recall curves
• SBM with 2 blocks, 64 nodes/block, 1 seed node. 
• Recall that Belief Propagation reaches resolution limit. 

• Impossible (pin = pout): 
• Nothing works.



Evaluation: resolution limit
• Pearson correlation r between true partition and inferred partition.  
• Empirically, we see LinSBMRank and QuadSBMRank get very close  

to resolution limit (dotted line), with slower decay rate. 

PPR, HK, LinSBMRank, QuadSBMRank, BP



Conclusions
• Personalized PageRank with    =                 is optimal geometric  

 

discriminant function for balanced 2-block SBM.  
• Geometric discriminant functions for more general block models  

follow from recurrence relation. 
• Landing probabilities are correlated; correcting for higher moments in 

the space of landing probabilities greatly improves classification. 
• In practice: fit GMMs in space of landing probs. 
• A new perspective on diffusion-based ranking  

that can hopefully open new doors. 

●

●●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●
●● ●

●

●

●

●
●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●
●

●

●

●●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●●
●

●

●
● ●

●
●

● ●

● ●
●

●

●

●

↵⇤ =

✓
p
in

� p
out

p
in

+ p
out

◆
↵

• Pre-print: 
Isabel Kloumann, Johan Ugander, Jon Kleinberg  
“Block Models and Personalized PageRank”  
arXiv:1607.03483



Open directions
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• Model covariance of landing probabilities? 
• Currently requires at least ~logarithmic degrees (we think); 

possible to derive weights for bounded degree SBMs? 
• Better classifiers in the space of landing probabilities for  

other random walks? (Non-backtracking, etc.) 
• Not just SBM? Optimal weights for dcSBM, core-periphery,  

Hoff latent space model, etc, etc. 
• Slow decay beyond resolution limit? 

• Pre-print: 
Isabel Kloumann, Johan Ugander, Jon Kleinberg  
“Block Models and Personalized PageRank”  
arXiv:1607.03483


